Distributed optimization has become an important research topic for dealing with extremely large volume of data available in the Internet companies nowadays. Additional machines make computation less expensive, but inter-machine communication becomes prominent in the optimization process, and efficient optimization methods should reduce the amount of the communication in order to achieve shorter overall running time. In this work, we utilize the advantages of the recently proposed, theoretically fast-convergent common-directions method, but tackle its main drawback of excessive spatial and computational costs to propose a limited-memory algorithm. The result is an efficient, linear-convergent optimization method for parallel/distributed optimization. We further discuss how our method can exploit the problem structure to efficiently train regularized empirical risk minimization (ERM) models. Experimental results show that our method outperforms state-of-theart distributed optimization methods for ERM problems.
Introduction
Distributed optimization is now an active research topic because of the rapid growth of data volume. By using multiple machines in distributed optimization, each machine shares a lower computational burden, but as the expensive intermachine communication cost emerges, the overall running time may not be shortened. However, it is a must to use multiple machines to store and operate on these high-volume data. Therefore the question to ask is not "Can we accelerate the optimization process by multiple machines," but "How do we make the optimization procedure in distributed environments more efficient." In order to conduct distributed optimization efficiently, we should carefully consider methods that address the issue of the communication. In particular, the communication cost is usually proportional to the number of iterations, and thus methods that converge faster are more desirable in distributed optimization.
Among nonlinear optimization methods, on one end lies methods that have low cost per iteration but with slow convergence, like gradient descent, while methods on the other end, such as Newton-type methods, have fast convergence, in the cost of expensive computation per iteration. For highdimensional problems, one iteration of Newton-type methods actually involves many inner iterations of a sub-routine for solving a linear system to obtain the update direction, where each inner iteration involves one round of communication. Therefore, the communication cost is still high. In addition, Newton-type methods are known to have only fast local convergence, but the number of iterations may still be large. Recently, [17] proposed the common-directions method, which has both the optimal global-linear convergence rate for first-order methods and local-quadratic convergence. For empirical risk minimization (ERM) problems, experiments in [17] show that among state-of-the-art batch methods, their method has the fewest number of data passes (i.e., pass through the whole training data), which is proportional to the rounds of communication. These properties of fast convergence and few data passes are desirable for distributed optimization. However, since [17] stores and uses all previous gradients obtained from the first iteration on, the computational and spatial costs may be high as they grow unlimitedly with the number of iterations. This high spatial cost and the expense of some non-parallelizable operations make it less ideal for commonly seen distributed environments such that the machines being used have only limited memory and computational capability.
In this work, to remedy the unbounded growing spatial and computational costs of the common-directions method for distributed optimization, we utilize the idea of how limited-memory BFGS (L-BFGS) [9] is derived from BFGS to propose a limited-memory common-directions method framework for unconstrained smooth optimization. The proposed algorithm has limited per-iteration computational cost, and consumes a controllable amount of memory just like L-BFGS, meanwhile still possesses fast theoretical as well as empirical convergence from the common-directions method. Our method is highly parallelizable, and the computational as well as spatial burdens on each node are low. Moreover, the fast convergence inherited from the common-directions method makes our method communication-efficient. These properties our method suitable for large-scale distributed or parallel optimization. By exploiting the problem structure, the communication and computation costs per iteration of our method are as low as that of L-BFGS when applied to distributedly solve regularized ERM problems, but our method has faster convergence because the Hessian information is incorporated. Our contributions are as follows.
1. We solve the issue of excessively growing memory consumption and per-iteration cost of the commondirections method by a limited-memory setting, and therefore make it more practical especially for low-end machines used in distributed optimization. 2. To exploit more different possibilities, we utilize the idea from both the heavy-ball method [14] and L-BFGS [9] to consider vectors other than the gradients, which are the only vectors used in the common-directions method. Results show our choices have better convergence in the limited-memory setting. 3. We provide convergence analysis for a general framework that includes our method. This framework fits many different algorithms and thus provides more theoretical understanding for them. 4. Empirical study shows our method pushes forward state of the art of distributed batch optimization for ERM. The rest of this work is organized as follows. Section 2 describes motivations and details of our method. The theoretical convergence is in Section 3. We then illustrate efficient implementation for the ERM problems in Section 4. Section 5 discusses related works. Empirical comparison is conducted in Section 6. Section 7 then concludes this work. The program used in the experiments of this paper is available at http://www.csie.ntu.edu.tw/ cjlin/papers/l-commdir/.
Our Method
In the description of our algorithm, we consider the unconstrained optimization of the following problem.
where f is strictly convex, lower-bounded, and differentiable with its gradient being ρ-Lipschitz continuous. That is, there exists ρ > 0 such that for any w 1 , w 2 , we have
Lipschitzness of the gradient indicates that f is twicedifferentiable almost everywhere. Therefore, if the Hessian does not exist, we can still use the generalized Hessian [11] in our algorithm. However, for the ease of description, we will always use the notation ∇ 2 f (w), and this will represent either the real Hessian or the generalized Hessian, depending on the twice-differentiability of the objective function. We will first briefly describe some motivating works, and then propose our algorithm.
The Common-directions Method.
Recently, to improve the convergence of the stochastic Newton step ob-tained from sub-sampled Hessian matrices for ERM problems [2] , the work [16] proposed to incorporate it with the update direction at the previous iteration by minimizing the second-order Taylor expansion.
where d k is the stochastic Newton step at the iterate w k , and p SN k−1 is the update direction at the previous iteration. The optimum of this two-dimensional quadratic problem can easily be obtained by solving a 2 × 2 linear system. After obtaining the solution, p SN k is taken as the final update direction, and the step size along this direction is chosen by a backtracking line search procedure.
Extending this idea of combining two directions to multiple directions, [17] proposed the common-directions method that at each iteration, uses the gradients from the first iteration on to decide the update direction by solving a k × k linear system, where k is the iteration counter. This approach is shown to possess the optimal global linear convergence rate of first-order methods as well as local quadratic convergence. Moreover, they showed that the computational cost for ERM using their method can be significantly reduced by exploiting the problem structure. However, a drawback of the common-directions method is that the memory consumption grows linearly with the number of iterations, and the computational cost at the k-th iteration has a factor of O(k 3 ) for solving the linear system. Moreover, when being applied in distributed environments, it requires a communication of an O(k 2 ) matrix. These quadratic and cubic factors of k can be prohibitively expensive for large k, which depends on the number of iterations required to solve a problem.
2.2 From BFGS to L-BFGS. BFGS is a quasi-Newton method that uses the curvature information obtained from the gradient differences and the iterate differences to approximate the Newton step. Given an initial positive definite estimate B 0 of the inverse Hessian matrix, at the k-th iteration with the current iterate w k , BFGS constructs a symmetric positive definite matrix B k to approximate (∇ 2 f (w k )) −1 , and the update direction p BFGS k is obtained by
The matrix B k is constructed by
To avoid explicitly computing and storing B k , by (2.4), one can use a sequence of vector operations to compute (2.3). After deciding the update direction, a line search procedure is conducted to ensure the convergence.
It is known that BFGS has local superlinear convergence [12, Theorem 6.6] and global linear convergence [9, Theorem 6.1]. However, the major drawback of BFGS is that the computational and spatial costs of obtaining the update direction via (2.4) grows linearly with the number of iterations passed, so for large-scale or difficult problems, BFGS may be impractical. Therefore, [9] proposed its limited-memory version, L-BFGS. The idea is that given a user-specified integer m > 0, only u j , s j for j = k − 1, · · · , k − m are kept. The definition of B k then changes from (2.4) to
where B k 0 are positive definite matrices that can be changed with k, and the most common choice is
Because earlier history is discarded, L-BFGS no longer possesses local superlinear convergence, but as shown in [9] , it is still linear-convergent. Experimental results in [17] showed that L-BFGS is competitive with BFGS for linear classification in single-core environments.
2.3
The Proposed Method. Since the common-directions method shares the same major drawback with BFGS, the success of the L-BFGS algorithm derived from BFGS motivates us to consider a limited-memory modification of the common-directions method. Our method absorbs the advantages of the common-directions method and ideas for using only recent historical vectors to have the following settings. 1. We follow the idea in [17, 16] to combine directions by solving a linear system involving the Hessian. 2. The method in [17] maintains all past gradients for the combination, but as mentioned earlier, in distributed environments, the excessively growing memory consumption and local computational burden of their method are not ideal. We follow the modification from BFGS to L-BFGS to maintain only the most recent history vectors.
3.
To have better convergence in a limited-memory setting, we exploit different choices of historical information, including previous update steps used in the heavyball method [14] , and the vectors used by L-BFGS. Following L-BFGS, at the k-th iteration, we choose and combine m vectors by solving
Columns of P k include these m vectors, which in general are obtained from the previous m iterations. Therefore, in (2.8), the problem is now converted from minimizing the function in R n to finding the minimizer of the second-order approximation of (2.1) in the column space of P k . The most natural choice of P k is to discard older gradients in the common-directions method, resulting in
However, in a limited-memory setting, the gradients may not be sufficient to capture the curvature information to ensure good convergence. We thus also consider other choices.
The first one we consider is the idea from the heavy-ball method [14] to use the update at the previous iteration. The heavy-ball method updates the iterate by
with some pre-specified α and β. We can extend this idea to
For the second choice, [3] observed that if B k 0 in (2.6) is a multiple of the identity matrix, like in the case of (2.7), the L-BFGS step p BFGS k is a linear combination of u j , s j , j = k −m, . . . , k −1, and ∇f (w k ), while their combination coefficients are decided by the inner products between these vectors. This property suggests that we can also consider these directions to form the P k matrix.
Although (2.10) and (2.11) both use some vectors generated in the same way as in L-BFGS, our algorithm is different from L-BFGS for using (2.8) to combine vectors.
We can get the solution of (2.8) by solving the following.
Because the columns of P k may be linear dependent, P T k ∇ 2 f (w k )P k may be positive semi-definite rather than positive definite. Thus if we know in advance certain columns are redundant, we can remove them from (2.12) to save some computations. However, the matrix may still be singular after these directions are removed. To solve such an underdetermined linear system, we use the pseudo inverse (denoted as A + of a matrix A) to obtain an optimal solution for (2.8). Thus, if P T k ∇ 2 f (w k )P k and P T k ∇f (w k ) have been calculated, then the computational cost for solving (2.12) is O(m 3 ), which is negligible when m is small.
After solving (2.12), we take p k = P k t k , and conduct a backtracking line search to ensure global convergence. Specifically, we find the minimum nonnegative integer i such that for a given β ∈ (0, 1), θ k = β i satisfies
13)
for some pre-specified 0 < c 1 < 1. The next iterate is then obtained by w k+1 = w k + θ k p k .
To update from P k to P k+1 , new vectors are needed. We discuss the most complex case (2.11), and the other two choices (2.9) and (2.10) follow the same technique. For (2.11), three vectors u k , s k , and ∇f (w k+1 ) are needed. After line search, we have
so u k is obtained. We then calculate ∇f (w k+1 ) that is needed in the next iteration, and s k is obtained by (2.5). Algorithm 1 summarizes our framework, which only requires that the current gradient ∇f (w k ) is included in P k . Note that the choice of P k is not limited to (2.9)-(2.11) discussed above. Although we describe the framework in a sequential manner, with suitable choices of P k , it is possible that most computation-heavy steps are parallelizable. We will demonstrate an example in Section 4. In Section 6, we will empirically confirm the advantages of considering the choices of (2.10) or (2.11) over (2.9) in solving logistic regression problems. As our method uses the real Hessian information to combine these vectors more wisely, one can expect that it converges at least as good as, if not better than the heavy-ball method and L-BFGS.
Convergence Analysis
We now discuss the convergence of our method to understand the overall cost. The following theorems show the number of backtracking steps required for line search and the iteration complexity of our method. As we suggested several choices of the P k matrix in (2.9)-(2.11), we consider a more general algorithm such that each choice is a special case. Further, we relax the condition on (2.1) so that f (w) may not even be convex. ASSUMPTION 1. The objective is bounded below, differentiable, and has ρ-Lipschitz continuous gradient with ρ > 0.
Given the current iterate w k we obtain the update direction by the following optimization problem. Now we start our analysis for the convergence. All the proofs are in the supplementary material. THEOREM 3.1. Consider (3.15) for f (w) satisfying Assumption 1. If at iteration k, there is a q j in (3.15) satisfying
then backtracking line search for (2.13) with some given β, c 1 ∈ (0, 1) terminates in finite steps. . If in addition f (w) satisfies the Polyak-Łojasiewicz condition [10, 13, 6] for some σ > 0, i.e.,
where f * is the optimum of f (w), then we have global linear convergence to f * .
Our theorems here can be applied to a general framework of combining multiple directions or even when only one direction is used. Thus we provide convergence not only for our algorithm, but also many others. For example, the algorithm in [16] for regularized ERM, whose analysis proved (3.17) and (3.18) but only showed asymptotic convergence, is linearly convergent by using our results. Our result here also presents a convergence rate for their algorithm on the nonconvex neural network problem; see Section VI in supplementary materials. Similarly, the algorithm of combining past gradients in [17] can also be treated as a special case of our framework, and our analysis coincides with their linear convergence result. However, we notice that the convergence rate of their another algorithm that uses multiple inner iterations before updating the possible directions is better than the result one can obtain using the analysis flow here, as that algorithm does not fit in our framework.
We now apply the above results to Algorithm 1 to further examine the convergence behavior of our method. COROLLARY 3.1. Consider using Algorithm 1 to solve (2.1) satisfying Assumption 1 with f being σ-strongly convex for some σ ∈ (0, ρ]. If the backtracking line search procedure picks the step size as the largest β i , i = 0, 1, . . . that satisfies (2.13) for some given β, c 1 ∈ (0, 1), then at each iteration, the line search procedure terminates within log β (β(1 − c 1 )(σ/ρ)) steps, and the number of iterations needed to attain an -accurate solution is O(log(1/ )/ log(1/(1−2βc 1 (1−c 1 )σ 3 /ρ 3 ))) for any > 0.
When f is not strongly convex, we cannot guarantee that the Hessian matrix used in Algorithm 1 is positive definite. In this case, we can use a modified Hessian H k instead of ∇ 2 f (w k ) satisfying (ρ + τ )I H k τ I for some τ > 0. This way, Theorems 3.1 and 3.2 follow by letting (M 1 , M 2 ) = (ρ + τ, τ ) in (3.16), and we still have the O(1/ 2 ) convergence to a stationary point.
Application on Distributed Optimization for ERM
We consider applying our method to distributedly solve the L2-regularized ERM problem.
where C > 0 is a parameter specified by users, {(y i , x i )}, i = 1, . . . , l are the training instances, such that x i ∈ R n are the features while y i are the labels, and the loss function ξ is a convex function with respect to the second argument. We simplify our notation by ξ i (w T x i ) ≡ ξ(y i ; w T x i ). We consider the ξ function that makes f (w) in (4.19) satisfy Assumption 1. A typical example is the logistic regression. For distributed optimization, we assume the data set is split across K machines in a instance-wise manner: J r , r = 1, . . . , K form a disjoint partition of {1, . . . , l}, and the rth machine stores the instances (y i , x i ) for i ∈ J r . We then split the P k matrix to K parts by their rows. We defineJ r , r = 1, . . . , K as a disjoint partition of {1, . . . , n}, and the i-th row of P k is stored on machine r if i ∈J r . 1 Similar to the way P k is stored, the model vector w is also maintained distributedly under theJ r , ∀r partitions. The partitions can be defined to best parallelize the computation, but for simplicity we assume allJ r are of the same size n/K and the data set is partitioned such that each machine has #nnz/K entries, where #nnz is the number of nonzero entries in the data. In notation, for a vector v, we denote v Jr as the sub-vector of v with the indices in J r , and for a matrix A, A Jr 1 ,Jr 2 is the sub-matrix consists of A i,j , (i, j) ∈ J r1 × J r2 . For simplicity, we assume a master-master framework such that for any non-parallelizable parts, each machine conducts the same task individually. Adapting the algorithm for a master-slave setting should be straightforward.
Under Assumption 1, f in (4.19) is twice-differentiable almost everywhere. Its gradient and (generalized) Hessian are respectively
and (4.23)
The w T w/2 term guarantees that f is 1-strongly convex, and therefore Corollary 3.1 applies here. Now we propose techniques to make our algorithm more efficient for (4.19) . We focus the description on using (2.11) for choosing P k , as the other two choices follow the same techniques. Because we aim to handle large-scale data, throughout the discussion we assume (4.24) m l and m n.
Reducing Data-related Costs.
The main computation at each iteration of Algorithm 1 is to construct and solve the linear system (2.12). For ERM, the left-hand side of (2.12) has the following structure.
We discuss the efficient calculation of the second term, which is related to the data matrix X, while leave details of the first term in Section 4.2.
Following [17] , we maintain XP k and Xw k so that the second term of (4.25) can be cheaply computed in O(m 2 l). Otherwise, O(#nnz · m) for calculating XP k is generally more expensive. We discuss how to easily obtain XP k using XP k−1 and some cheap operations. We begin with the case of a single machine. From (2.11), three new vectors (4.26)
Xu k−1 , Xs k−1 , X∇f (w k ) must be calculated. From (2.5) and (2.14) ,
Because X∇f (w k−1 ) is maintained in XP k−1 , the main operation for (4.26) is X∇f (w k ) that costs O(#nnz). For maintaining Xw k , we have
Because Xu k−2 is part of XP k−1 , which has been maintained, (4.29) costs only O(l). In summary, calculating the second term in (4.25) needs O(m 2 l + #nnz).
In our distributed setting, (4.27)-(4.29) become
That is, we aim to maintain (XP k ) Jr,: and (Xw k ) Jr at the r-th node. If these two terms and t k−1 (see Secion 4.3) have been available, all we need is ∇f (w k ), which is computed and made available to all nodes through an allreduce operation. (4.30)
where ⊕ denotes the allreduce operation that gathers results from each node, sums them up, and then broadcasts the result to all nodes. Afterwards, the computation of (X∇f (w k )) Jr is conducted locally using only instances on the r-th node. Therefore, the computation of the second term of (4.25) is fully parallelized and thus costs O((#nnz + m 2 l)/K) computation for each machine, with one round of O(n) communication to generate the gradient.
In (4.30), (v Xw k ) Jr is needed. It together with (D Xw k ) Jr,Jr can be calculated using the locally maintained (Xw k ) Jr . Then an allreduce operation on local matrices of size O(m 2 ) is conducted to get the second term in (4.25). Similarly, in the line search procedure, even if it takes several backtracking steps, we can evaluate the loss function by
With the availability of (Xw k ) Jr and (XP k ) Jr,: , (4.32) is cheap with O(1) communication cost for allreduce.
Reducing Cost for
We mentioned in Section 2.3 that in [3] for distributed L-BFGS, their method, called VL-BFGS, requires calculating M k (i.e., inner products between P k 's columns) as well. They pointed out that M k−1 and M k share most elements, so only the following new entries must be calculated.
With P k ∈ R n×(2m+1) , clearly 6m + 6 inner products are needed for (4.33). Besides, their method also involves 2m vector additions (details omitted). The cost is therefore higher than 2m inner products and 2m vector additions in the standard L-BFGS. 2 However, the advantage of [3] 's setting is that the 6m + 6 inner products can be fully parallelized when P k is distributedly stored. In this section, we will show that by a careful design, (4.33), or M k , can be done by 2m + 2 parallelizable inner products: P T k ∇f (w k ) and s T k−1 s k−1 . Therefore, our technique is useful not only for our method but also for improving upon VL-BFGS.
To efficiently calculate (4.33), we begin with considering P T k s k−1 . From (2.5) and M k 2m+1,i = (P T k ∇f (w k )) i ,
Besides s T k−1 s k−1 , other operations cost no more than O(m), which is negligible from (4.24).
Next, we consider P T k u k−1 . From (2.14) ,
This then leads to
The computation of P T k u k−1 thus mainly requires computing M k−1 t k−1 , which costs only O(m 2 ). The rest terms are available from M k−1 because they are inner products between vectors in P k−1 . In summary,
In our distributed setting, M k is maintained at all nodes (see Section 4.3), so we compute and make P T k ∇f (w k ) and s T k−1 s k−1 available by the following allreduce operations.
with O(mn/K) cost and O(m) communication. Because t k is also stored on all nodes (see Section 4.3), all other operations can be conducted locally without any communication. We also note that ∇f (w k ) T p k needed in (2.13) for line search can be obtained in O(m) by M k 2m+1,: t k rather than an inner product between two O(n) vectors. System (2.12 ). Once the matrix in (4.25) is generated, the remaining task is solving a linear system of m variables. Because m is small from (4.24), it may not be cost-effective to solve (2.12) distributedly. We thus make the information of the linear system available at all computing nodes, and each node takes O(m 3 ) to obtain the same t k . To have the matrix (4.25) of the linear system, we mentioned in Section 4.2 that all nodes maintain the same M k while the second term is from the allreduce operation in (4.31). For the right-hand side vector P T k ∇f (w k ), we have seen from (4.35) that it is available at all nodes.
Solving the Linear

Cost Analysis.
We list details of applying Algorithm 1 to (4.19) in a distributed environment with instance-wise data split in Algorithm 2. The computational cost per iteration at each machine is
where from (4.24), #nnz is in general the dominant term. For the communication, the cost per iteration is O n + m 2 + # (line search) .
From Theorem 3.1, #(line search) is bounded by a constant, and in practice (2.13) is often satisfied at θ k = 1.
Related Works
Because of the need of distributed optimization in the machine learning area, there have been many approaches proposed, among which some are for general optimization problems and others are specially designed for ERM problems. We will only focus on those whose convergence are independent of the number of machines being used, as we consider the scenario of using a large number of machines. Besides L-BFGS, another effective batch distributed optimization method is the truncated Newton method. At each iteration, the update direction p N k is obtained by approximately solving the following linear system.
Then either line search or trust region methods are applied to decide the update from w k to w k+1 . To solve (5.37), a Hessian-free approach is considered by using the conjugate gradient (CG) method, where a sequence of Hessian-vector products is needed. Take (4.19) as an example, from (4.21), (5.38) ∇ 2 f (w k )d = d + X T (D Xw k (Xd)) , so we need only to store X rather than ∇ 2 f (w k ). Our method also utilizes the Hessian matrix to decide the update direction. However, for the Newton-type approaches, all CG iterations within one Newton iteration use the same Hessian matrix, but our method updates the Hessian more frequently. In a distributed setting, X is stored across machines, so each operation of (5.38) requires the communication. For example, if an instance-wise split is used, we need
i∈J k
with one allreduce operation. This communication cost is similar to that in our one iteration. The works [19, 8] extended the single-machine trust region Newton method (TRON) [15] for logistic regression in [7] to distributed environments. Experiments in [19] show that TRON is faster than ADMM [18, 1] when both are implemented in MPI.
In this work, we present an efficient distributed optimization algorithm that is inspired by the common-directions method, and overcome its shortage of excessive memory consumption and unlimitedly growing per iteration cost. Theoretical results show that our method is linear convergent, and empirical comparisons indicate that our method is more efficient than state-of-the-art distributed optimization methods. Because of the high parallelizability, we expect the proposed algorithm also works well in multi-core environments.
